We give a survey of work on the number of vertices of the convex hull of integer points de ned by the system of linear inequalities. Also, we present our tiny improvement of some of these.
Introduction
In the integer linear programming problem, it is required to maximize the linear function n P j=1 c j x j , subject to n P j=1 a ij x j b i (i = 1; : : : ; n), x j 2 Z (j = 1; : : : ; n) where a ij , c j , b i are integers. We can formulate this in the following matrix form: max cx (1) Ax b; (2) x 2 Z n ; (3) where A = (a ij ) 2 Z m n , b = (b i ) 2 Z m , c = (c j ) 2 Z n . The set of all solutions to (2) is a polyhedron P R n . Consider the set M(A; b) = P \Z n and its convex hull P I . It is known that P I is a polyhedron. If the maximum (1) over the set M(A; b) associated with (2, 3) is nite then it is attained at some vertex of P I ; on the other hand, the facets of P I are the strongest regular cuts. Therefore examining a characterization of P I can indicate ways of generating e ective algorithms or understand why constructing such algorithms are impossible 12, 8, 9] .
Let N(A; b) be the set of vertices (extreme points) of the polyhedron P I . Here we give a survey of work on the cardinality jN(A; b)j. Also, we give one improvement (see Theorem 3).
It was apparently Rubin 7] who rst showed that there is no function g(n; m) such that for any A 2 Z m n , b 2 Z m it holds jN(A; b)j g(n; m). In the papers considered below, upper bounds on jN(A; b)j are (as a rule) functions of three arguments n; m; where = max fja ij (i = 1; : : : ; m; j = 1; : : : ; n)g. Another (1 + log(1 + ja ij j)) + log(1 + jb i j)
; then ' (1+n)(1+log(1+ )) and, on the other hand, log(1+ ) '. Hence, if for some function g( ; ; ) it holds that jN(A; b)j g(n; m; '), then jN(A; b)j g n; m; (1+n)(1+log(1+ )) ; on the other hand, if for some function f( ; ; ) it holds that jN(A; b)j f(n; m; log(1 + )), then jN(A; b)j f(n; m; ').
Together with observation of the number of vertices in P I associated with an arbitrary system Ax b, we consider the following important case of the problem. Let a 0 ; a 1 ; : : : ; a n be natural numbers, a = (a 1 ; : : : ; a n ), = max fa 0 ; : : : ; a n g. Denote by M(a; a 0 ) the set of integer nonnegative solutions to the inequality n P j=1 a j x j a 0 , let N(a; a 0 ) be the set of vertices of the convex hull of M(a; a 0 ). The convex hull of M(a; a 0 ) is called the knapsack polytope.
We note that Chapter 3 in 9] is specially devoted to topics considered here. We consider also other results.
Below Conv fv 1 ; : : : ; v l g and Cone fv 1 ; : : : ; v l g are respectively the convex hull of vectors v 1 ; : : : ; v l in R n and the cone generated by these; b c is the maximal integer not exceeding the number in R, log denotes the logarithm of to the base 2.
1 Upper bounds on the number of vertices An approach of Shevchenko 19 ] has been widely used for determination of upper bounds on the number of vertices in integer linear programming problems. It was developed in 20, 21, 18, 9].
The following property lies at the basis of it. We say that a set X Z n + has the separation property if for any distinct points x = (x 1 ; : : : ; x n ) and y = (y 1 ; : : : ; y n ) in X there is an index j such that 2y j < x j . It has been proved in 19] that if max fx j ; x 2 Xg k j ?1 (j = 1; : : : ; n?1) where r is the rank of A and is the maximum of the moduli of coe cients in the system Ax = b.
This result can be applied to an arbitrary system Ax b. Using the standard substitution x 0 j = max fx j ; 0g, x 00 j = ? min fx j ; 0g, y = A 0 ? Ax we lead the system Ax b to the form Ax 0 ? Ax 00 + y = a 0 ; x 0 2 Z n ; x 00 2 Z n ; y 2 Z m ; x 0 0; x 00 0; y 0: (6) It is easy to verify that di erent points in N(A; b) pass into di erent vertices of the convex hull of the set of solutions to the system (6) . From (5) we get the bound 19]: jN(A; b)j (1 + log(n + 1) + n log( p n)) 2n+m?1
:
For xed n and m it has the form of polynomial in log . This bound was subsequently improved in 2, 18, 16], and took the form of some polynomial in m and log for any xed n (see below).
For the knapsack problem we introduce the variable x n+1 = a 0 ? n P j=1 a j x j and use the bound 
The use of this approach for a square system of linear inequalities see in 20]. One more approach to estimate the number of vertices in integer linear programming problems was proposed by Hayes and Larman 3] and developed by Morgan 6] and Cook et al. 2] . It can be considered as a variant of Shevchenko's method. Let P be a polyhedron, de ned by the system Ax b. We divide P into re ecting sets P 1 ; : : : ; P l such that for any two points x; y in Z n \ P i either 2x ? y or 2y ? x belongs to P i . Then it is not hard to verify that no re ecting set in the divizion of P contains more than one point in N(A; b). Thus, jN(A; b)j l. For obtaining a bound it is enough to divide P into the \small" number of re ecting sets.
Let us consider the use of this approach 3] for estimating the number of vertices in the knapsack polytope. The polytope P = is divided into boxes n x = (x 1 ; : : : ; x n ) 2 R n ; 2 i j ?1 x j < 2 i j ; j = 1; : : : ; n o ; (8) where i j 2 Z, 1 i j 1 + log a 0 a j + 1 (j = 1; : : : ; n). It is obvious that no box contains more than one point in N(a; a 0 ). This again leads us to the bound (7).
As Morgan 6] note, some boxes (8) can fail to contain points in N(a; a 0 ). The reason is that they are \too far" from the facets of P. For the estimate of jN(a; a 0 )j it is enough to bound the number of boxes (8) From Theorem 2 it follows that jN(A; b)j c n m bn=2c log n?1 (1 + ), where c n is some quantity depending only on n. In Sect. 3 we show that for any xed n this estimate can not be improved with respect to order.
Note 1 It is known 5] that the number of facets of a polyhedron P in R n with v vertices is at most n (v). From this and estimates above it follows that for any xed n the number of facets in P I is bounded above by some polynomial in m and log(1 + ). This result and Lenstra's algorithm 4] allowed Shevchenko 20, 9] to construct a quasipolynomial (i.e. polynomial for xed n) algorithm for nding all facets and vertices in P I .
Note 2 Chirkov 16] has obtained the upper bounds on the number of vertices in the polytope P I , as function of its metric characteristics, i.e. the diameter d = max x;y2P max j=1;:::;n jx j ? y j j and the volume V . It has be proved that for any xed n the quantity jN(A; b)j is bounded above by some polynomial in m and log(1 + d), with its highest term being c n m bn=2c log n?1 (1 + d). If P I has full a ne dimension, then an analogous result holds also for the volume of P.
Upper bounds independent of the right-hand sides
In this section we consider methods for determination of upper bounds on jN(A; b)j independent of b. These bounds are useful if entries of a vector b are more greater than 1 = max fja ij j(i = 1; : : : ; m; j = 1; : : : ; n)g :
Let the rank of A be equal to n and the solution set P associated with Ax b be not empty. Then denote by V (A; b) the set of vertices of P, and by (A) the maximum of the moduli of nth-order minors of A, and by a i the ith row of A. 3 Lower bounds on the number of vertices , ' = 2 cos 4 7 , = 2 cos 6 7 . It is shown 6] that jN(A; b)j Another approach, due to Veselov 10], consists in constructing a lower bound for the mean number of vertices in an integer linear programming problem. For each vector a(a 0 ; a 1 ; : : : ; a n ) with integer non-negative components such that a n = 1 and 0 a i ? 1 (i = 0; : : : ; n ? 1), let us consider the set M 0 (a; ) of solutions to the system n X j=1 a j x j a 0 (mod ); x j 2 Z; x j 0 (j = 1; : : : ; n) and the set N 0 (a; ) of vertices of the convex hull of M 0 (a; ). Then '( ) = ?n P jN 0 (a; )j is the mean number of vertices, where the summation is over all a in the range under consideration.
Veselov 10] estimates the number (p) of a such that p 2 N 0 (a; ); and nds a bound on ?n P (p), where the summation is over all p = (p 1 ; : : : ; p n ) 2 Z n such that p j 0 (j = 1; : : : ; n) and (p 1 + 1) : : : (p n + 1)
. It is obvious, that '( ) = ?n P (p). The resulting bound has the following form:
'( ) c n (n ? 1) n?1 log ? n ? 2 ? n log(n ? 1) n?1 ;
where c n = 4n3 n ((n ? 1)!) 2 ?1 . Now let us consider the set '( ) of vectors (a 0 ; : : : ; a n?1 ; ) with integer non-negative components such that a i (i = 1; : : : ; n ? 1), ( ? 1) a 0 < 2 . The knapsack polytope given by the inequality a 1 x 1 + : : : a n?1 x n?1 + x n a 0 is considered for any (a 0 ; a) 2 '( ), where a = (a 1 ; : : : ; a n?1 ; ). The quantity ( ) = ?n P jN(a; a 0 )j, where the summation is over all (a 0 ; a) in '( ), is the mean number of vertices in such a polytope. Since a 0 ( ? 1) and a i (i = 1; : : : ; n ? 1), then, by Theorem 4, jN(a; a 0 )j jN 0 j, where N 0 is the set of vertices of the convex hull of integer solutions to the system a 1 x 1 + : : : + a n?1 x n?1 + x n a 0 ; x j 0 (j = 1; : : : ; n ? 1):
It is obvious that N 0 is mapped one-to-one into the set of vertices of the convex hull of nonnegative solutions to the congruence x 0 + a 1 x 1 + : : : a n?1 x n?1 a 0 (mod ); or, equivalently, x 0 + a 1 x 1 + : : : a n?1 x n?1 a 0 ? ( ? 1) (mod ):
Thus, ( ) = '( ). In particular, this gives us Theorem 6 10] There exist non-negative a = (a 1 ; : : : ; a n ) 2 Z n and a 0 2 Z such that a j (j = 0; : : : ; n) and jN(a 0 ; a)j c n log n?1 ; where c n is some positive quantity depending only on n. This result shows that for any xed n the order in (9) can not be decrease. where c n is some quantity depending only on n. We have shown that this result is valid even if = max fja ij j(i = 1; : : : ; m; j = 1; : : : ; n)g :
It is established 14] that this bound can not be improved for any xed n with respect to order, namely, for any n, m and there exist a polyhedron such that jN(A; b)j c 0 n m bn=2c log n?1 ; where c 0 n is some positive quantity depending only on n. Analogous result is also valid for the knapsack problem 10].
The proofs of these lower bounds are not constructive. Examples of polyhedra with the \large" number of vertices in P I are known only for few values of m. In particular, for n ! 1 and for any positive c n no sequence of knapsack polyhedrons with at least c 0 n log n?1 vertices is known.
From the upper bound (12) on the number of vertices in P I and from the inequality 5], estimating the number of facets in a polyhedron with v vertices, follows that the number of facets in P I is at most c n m bn=2c 2 log (n?1)bn=2c
(1 + ): The problem of an attainability of this bound is open.
